Geometry-dependent scattering through quantum billiards: 
Experiment and theory 
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We present experimental studies of the geometry-specific quantum scattering in microwave bil- 
liards of a given shape. We perform full quantum mechanical scattering calculations and find an 
excellent agreement with the experimental results. We also carry out the semiclassical calculations 
where the conductance is given as a sum of all classical trajectories between the leads, each of 
them carrying the quantum-mechanical phase. We unambiguously demonstrate that the charac- 
teristic frequencies of the oscillations in the transmission and reflection amplitudes are related to 
the length distribution of the classical trajectories between the leads, whereas the frequencies of the 
probabilities can be understood in terms of the length difference distribution in the pairs of classical 
trajectories. We also discuss the effect of non-classical "ghost" trajectories that include classically 
forbidden reflection off the lead mouths. 

PACS numbers: 05.45.Mt, 03.65.Sq, 73.23.-b, 73.23.Ad 
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The low-temperature conductance of nanoscaled semi- 
conductor quantum dots (often called quantum billiards) 
is dominated by quantum mechanical interference of elec- 
tron waves giving rise to reproducible conductance oscil- 
lations U § §, |, § §, 0, |, § . Theoretical and exper- 
imental studies of the conductance oscillations have been 
concentrated on both statistical and geometry-specific 
features^ |, |, |, | |, |, g 0, ffij, || [jj, @, 
|l5| . \[(\ , [l7 ] . The analysis of the statistical aspects of the 
conductance was commonly based on the random matrix 
theory or similar stochastic methods ]T^ | . In order to pro- 
vide the interpretation of the geometry-specific features 
in the oscillations in a billiard of a given shape, differ- 
ent and sometimes conflicting approaches have been used 
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the interpretation of the conductance was not directly 
based on the transport calculations such that the ex- 
planation of the characteristic peaks in the conductance 
spectrum had rather speculative character. In contrast, 
the semiclassical approach |j| Q |l5|, [fi| [HJ [l8| |I| 
represents one of the most powerful tool for studying the 
geometry-specific scattering as it allows one to perform 
transport calculations for structures of arbitrary geom- 
etry and, at the same time, it can provide an intuitive 
interpretation of the conductance in terms of classical 
trajectories connecting the leads, each of them carrying 
the quantum mechanical phase. 

In this paper we, for the first time, present experimen- 
tal studies of the geometry-specific quantum scattering in 
microwave billiards of a given shape combined with the 
exact quantum mechanical as well as semi-classical anal- 
ysis. The physics and modelling of microwave cavities 
is conceptually similar to that one of the semiconduc- 
tor quantum dots because of the similarity between the 



Schrodinger and Helmholtz equations |lSj, |20[. At the 
same time, the microwave cavities provide the unique 
opportunity to control the precise shape of the billiard. 
This is not possible for the semiconductor quantum dots 
where the actual shape of the potential always remains 
unknown [pl| . Secondly, for the microwave billiards one 
can routinely access the phase information (i.e. measur- 
ing the transmission and reflection amplitudes) whereas 
for the case of quantum dot one typically measures the 
transmission probabilities only. Thirdly, the effects of 
inelastic scattering is of much lesser importance for the 
microwave cavities than for the quantum dots where the 
phase breaking processes can reduce the phase coherence 
length significantly. Note that a billiard system of the 
same shape as the one studied here (realized as a semi- 
conductor quantum dot), was investigated in ^ |l~6| |. It 
has been demonstrated that the strong inelastic scat- 
tering has lead to the suppression of major characteris- 
tic peaks in the transmission spectrum as well as to the 
strong reduction of the amplitude of the oscillations. 

Our semiclassical (SC) analysis of the experimen- 
tal spectrum of the microwave billiard unambiguously 
demonstrate that the characteristic frequencies of the os- 
cillations in the transmission and reflection amplitudes 
are related to the length distribution of the classical tra- 
jectories between the leads, whereas the frequencies of the 
probabilities can be understood in terms of the length dif- 
ference distribution in the pairs of classical trajectories. 
This, to the best of our knowledge, provides the first 
unambiguous identification of the specific frequencies of 
the oscillations experimentally observed in a billiard of a 
given shape. 

The dynamics of an electron in a two-dimensional 
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FIG. 1: Sketch of the resonator used in the experiment (in 
scale) . Measurements have been taken for four different posi- 
tions of the outgoing wave guide as indicated in the figure. 



quantum dot is governed by the Schrodinger equation 



2m 



V 2 + E\ tp(x,y) = 0, 



(1) 



with the wave function vanishing on the boundary ip = 0, 
where E is the electron Fermi energy and a potential in- 
side the billiard is assumed to be zero. This equation 
has the same form as the Helmholtz equation governing 
the dynamics of the lowest TM-mode in a microwave bil- 
liards EJJ (provided the frequency v < c/2d, where d is 
the heigt of the billiard). 

In the absence of a magnetic field the transmission am- 
plitude t nm is given by the projection of the retarded 
Green function G = (H — E)^ 1 onto the transverse wave 
functions 4> n (y) in the incoming and outgoing leads |22j 



trnn(k) = -itl^V n V m (2) 

x dy! dy 2 (j)* n {yi)<i)m{y2)G{yi,y2,k), 



where v n is the longitudinal velocity for the mode n and 
k is the wave vector. The total transmission probability 
T = ^2 mn T mn is the sum over transmission probabilities 
from all the propagating modes m in one lead to the 
modes n in the other; T mn being the square modulus of 
the transmission amplitude, T mn — \t mn \ 2 . 

The quantum mechanical computations have been 
made using a recursive Green's function technique based 
on the Dyson equation [P3| . In semi-classical computa- 
tions, the quantum mechanical Green's function is re- 
placed by its semiclassical approximation EJ| EJjJ. The 
semiclassical transmission amplitude can be represented 
in the form El El El E7ll 



t^n(k) — ^ A s r 



(3) 



where s denotes classical trajectories of the length l s be- 
tween the two leads, A s mn is an amplitude factor which 
depends on the density of trajectories, mode number, en- 
trance and exit angles, etc. The details of the semiclas- 
sical calculations are given in [jf7j. 



Because of the rapidly varying phase factor in Eq. (||) , 
the length spectrum of the transmission amplitude (de- 
fined as a Fourier Transform fd£ tf^(k)e~ M ), is obvi- 
ously peaked at the length £ — l s of the trajectories be- 
tween the leads. This behavior of the length spectrum is 
well understood and numerically verified for a number of 
different model billiards with leads [|l4| EJ[ [Ig[ . 

Using Eq. (|^), the transmission probability can be 
written in the form 



T SC = \,SC\2 = \ A s |2 , A s as' * ik 

ran \ v rnn\ / j I mn I * / v mn inn ° 



. (4) 

The length spectrum of the transmission probability is 
obviously peaked at the length difference £ = l s —l s > in the 
pairs of trajectories between the leads. Thus, identifica- 
tion of the characteristic frequencies in the probabilities 
reduces to the analysis of the path difference distribution 
in a billiard with a given lead geometry p^, ITfl |. 

Figure [j] shows a sketch of the microwave resonator 
used in the experiments. The microwaves enter the res- 
onator through a wave guide at a fixed position on one 
side, and leaves the resonator through another waveguide 
on the opposite side whose position could be varied. The 
heigth of the resonator was d = 7.8 mm, i.e. the billiard 
is quasi-two-dimensional for v < 19 GHz. Transmision 
spectra, including modulus and phase, were taken in the 
frequency range 10 to 18 GHz for four different posi- 
tions of the outgoing wave guide. In the whole frequency 
range there is only one propagating mode in the wave 
guide. More details on the experimental technique may 
be found in |24| . 

Figure ^ shows the experimental and calculated data 
for the transmission and reflection amplitudes. The 
agreement between the experimental results and exact 
quantum mechanical (QM) calculations is very good. 
The SC transport calculations allows us to identify the 
characteristic peaks in the spectrum in terms of classical 
trajectories connecting the billiard leads. Indeed, each 
peak in the SC spectrum represents a contribution from 
a particular classical trajectory, as illustrated in the in- 
sets. However, because of the approximate nature of the 
semiclassical approximation, the heights of the SC and 
QM peaks do not fully agree with each other. 

Furthermore, the experimental data as well as the QM 
calculations show the presence of the peaks which are 
absent in the SC calculations (for example, the peaks at 
I ~ 5.5,9,10.5 in the reflection amplitude). These are 
so-called "ghost" trajectories that include classically for- 
bidden reflection off the lead mouths [Q. For example, 
the peak in the reflection amplitude at I w 9 is caused 
by the trajectory with the length / = 4.5 which, after 
one revolution in the billiard, is reflected back at the exit 
by the lead mouth such that it makes one more revolu- 
tion and its total length becomes L = 4.5 x 2 « 9. Such 
non-classical trajectories are not included in the standard 
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FIG. 2: Fourier transform of the experimental and calculated 
quantum mechanical (QM ) transmission and reflection ampli- 
tudes for the square billiard with opposite leads. The lower 
curve shows corresponding semiclassical (SC) results, plotted 
with a negative sign for the sake of clearness. The charac- 
teristic peaks are identified in terms of classical transmitted 
and reflected trajectories. Peaks in the reflection amplitude 
at I ~ 5.5L, 8.8L are due to "ghost" trajectories that in- 
clude classically forbidden reflection off the lead mouths. The 
range of the frequency variation corresponds to one propa- 
gating mode in the leads. The insets show the schematic 
geori 
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FIG. 3: Fourier transform of the experimental and calcu- 
lated quantum mechanical (QM) transmission and reflection 
probabilities for the square billiard with opposite leads. 



semiclassical approximation. 

The "ghost" trajectories are more important for the 
reflection than for the transmission. This is due to the 
fact that each "ghost" trajectory manifesting itself in the 
reflection bounces off the lead mouth only once, whereas 
each "ghost" trajectory contributing to the transmission 
has to bounce off the lead mouth twice. As a result, the 
amplitude of such the trajectory with two non-classical 
bounces off the lead mouth is obviously lower than the 
one with only one bounce. 

Experimental and calculated QM transmission and re- 
flection probabilities are shown in Fig. ^|. The correspon- 
dence between the theoretical and experimental proba- 
bilities is also rather good. Note that because of the 
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FIG. 4: Fourier transform of the experimental, quantum 
mechanical (QM) and semiclassical (SC) transmission proba- 
bilities in a square billiard averaged over four different lead 
positions. The characteristic frequencies in the transmission 
probabilities can be understood in terms of the length differ- 
ence distribution in the pairs of classical trajectories between 
the leads (the lower curve). 



current conservation requirement, R + T = 1, the vari- 
ation of the transmission is opposite to that one of the 
reflection, ST = —SR. As a result, the FT of the cal- 
culated QM transmission and reflection probabilities are 
practically identical. This is however not the case for 
the experimental transmission and reflection probabili- 
ties. This is because of the presence of some absorption in 
the system. As we do not include neither absorption nor 
inelastic scattering in the theoretical calculations, this is 
the reason for some discrepancy existing between the QM 
calculations and the experiment. 

In contrast to the case of SC and QM amplitudes, the 
agreement between the SC and QM probabilities is only 
marginal (therefore we do not show the SC results here). 
Because the probabilities are the squared moduli of the 
amplitudes, the discrepancy which exists between the SC 
and QM amplitudes, see Fig. ^, becomes much more 
pronounced for the probabilities (a detailed analysis of 
the discrepancy between the SC and QM approaches is 
given in [fl7|| ). Furthermore, the interval of the frequency 
variation (limited to one propagating mode in the leads) 
is not wide enough to ensure reliable statistics for the 
probabilities. The calculations demonstrate that with a 
wider frequency interval the characteristic peaks in the 
FT spectrum become better resolved and the agreement 
between the QM and SC results improves significantly. 
Experimentally, however, it is not possible to access the 
frequency range beyond one propagating mode in the 
leads. 

In order to provide the SC interpretation of the prob- 
abilities in the available frequency interval (limited to 
one propagating mode), we perform the averaging over 
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four different lead geometries, see Fig. § Such the av- 
eraging is justified because the characteristic frequencies 
of the oscillations in a square billiard are shown to be 
rather insensitive to the lead positions |Q. This, in 
turn, is related to the fact that classical length differ- 
ence distribution is also not sensitive to the lead posi- 
tions. The averaged QM probabilities show pronounced 
peaks in the FT which are in a good agreement with the 
corresponding experimental ones. The correspondence 
between the averaged QM and SC results is also rather 
good. According to the SC approach, the characteristic 
peaks in the SC spectra can be understood in terms of 
the length differences in pairs of classical trajectories con- 
necting the leads, see Eq. This is demonstrated in 
Fig. ^ where the experimental and calculated spectra are 
compared to the classical length difference distribution 
between the leads. This provides us with the semiclas- 
sical interpretation of the calculated QM (and therefore 
observed) conductance fluctuations. We would like to 
stress that this explanation of the characteristic frequen- 
cies in the conductance is based on transport calculations 
and is thus not equivalent to a rather common point of 
view when the observed frequencies in the conductance 
oscillations of an open dot are assigned to the contri- 
butions from specific periodic orbits in a corresponding 
closed dot § 1 1 1 § |, @, 1, g 0. 

To conclude, we present experimental studies of the 
geometry-specific quantum scattering in a microwave bil- 
liard of a given shape. We perform full quantum me- 
chanical (QM) scattering calculations and find an excel- 
lent agreement with the experimental results. We also 
carry out the semiclassical (SC) calculations where the 
conductance is given as a sum of all classical trajectories 
between the leads, each of them carrying the quantum- 
mechanical phase. Our results thus provide the first un- 
ambiguous identification of the specific frequencies of the 
oscillations observed in a billiard of a given shape. 
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